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A Characterization of Some Minihypers in a Finite Projective 
Geometry PG(t,4) 
NOBORU HAMADA AND TOR HELLESETH 
Recently, Hamada and Deza [8] gave a complete characterization of all {V",+l + Vfl+l + 
vy +1' v", + vfl + vy ; t, q }-minihypers for any integers a, (J, y, t and any prime power q such 
that q~5 and either 0.,;, 11'= {J< y<t or 0.,;, a<{J = y<t where v/=(q/-l)/(q -1) for any 
integer I ~O. The purpose of this paper is to characterize all {V",+l + Vfl+l + vy +1 , v", + vfl + 
vy ; t, q }-minihypers for any integers t, q, a, {J and y such that q = 4 and either (a) 0.,;, 11'< {J = 
Y < t or (b) 0.,;, 11'= {J < y < t and y * 11'+1. Using those results, all (n, k, d; 4)-codes meeting 
the Griesmer bound are characterized for the case k ~ 3 and d = 4k - 1 - 4'" - 4fl - 4 y. 
1. INTRODUCTION 
Let F be a set of f points in a finite projective geometry PG(t, q) of t dimensions, 
where t;;::. 2, f;;::.1 and q is a prime power. If IF n HI;;::. m for any hyperplane H in 
PG(t, q) and IF n HI = m for some hyperplane H in PG(t, q), then F is called an 
{I, m; t, q }-minihyper, where m;;::' 0 and IAI denotes the number of elements in the set 
A; In the special case t = 2 and m ;;::. 2, an {I, m; 2, q }-minihyper F is also called an 
m-blocking set if F contains no I-flat in PG(2, q). The concept of a minihyper has been 
introduced by Hamada and Tamari [12]. 
Tamari [17,18] showed that F is a {va+l> va;t, q}-minihyper iff F is an a-flat in 
PG(t, q), where o~ £1'< t and VI = (ql -1)/(q - 1) for any integer I;;::. O. Hamada [3,6] 
showed that: (1) in the case t ~ £1'+ f3, there is no {va+1 + Vf3+l> Va + Vf3; t, q}-
minihyper; and (2) in the case t;;::. £1'+ f3 + 1, F is a {Va+l + Vf3+l> Va + Vf3; t, q}-
minihyper iff F is a union of an a-flat and a f3-flat in PG(t, q) which are mutually 
disjoint where q ;;::. 3 and 0 ~ a ~ f3 < t. 
Recently, Hamada [3,5,6], Hamada and Deza [8] and Hamada and Helleseth [10] 
showed that (1) in the case t ~ f3 + Y and q ;;::. 5, there is no {Va+l + Vf3+1 + Vy+l> Va + 
Vf3 + Vy; t, q }-minihyper; and (2) in the case t;;::. f3 + y + 1 and q ;;::. 5, F is a {Va+l + 
vf3+1 + Vy+l> Va + Vf3 + Vy; t, q }-minihyper iff F is a union of an a-flat, a f3-flat and a 
y-flat in PG(t, q) which are mutually disjoint where 0 ~ a ~ f3 ~ y < t. The purpose of 
this paper is to prove the following theorem. 
THEOREM 1.1. Let t, a, f3 and y be any integers such that t;;::. 2 and either (a) 
o ~ a < f3 = y < t or (b) 0 ~ a = f3 < y < t and y * a + 1. Let VI = (41 - 1)/(4 - 1) for 
any integer I ;;::. 0: 
(1) in the case t ~ f3 + y, there is no {va+1 + Vf3+1 + Vy+l> Va + Vf3 + Vy; t, 4}-minihyper; 
(2) in the case t;;::. f3 + y + 1, F is a {Va+l + Vf3+1 + Vy+l> Va + Vf3 + Vy; t, 4}-minihyper 
iff F is a union of an a-flat, a f3-flat and a y-flat in PG(t, 4) which are mutually disjoint. 
REMARK 1.1. Proposition AA shows that Theorem 1.1 holds in the case 0 ~ a < 
f3< y<t. 
REMARK 1.2. Proposition A.7 shows that Theorem 1.1 does not hold in the case 
(a, f3, y) = (0,0, 1). 
REMARK 1.3. Proposition A.8 shows that Theorem 1.1 does not hold in the case 
a=f3=y=1. 
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DEFlNmON 1.1. Two (n, k, d; q)-codes C1 and C2 (i.e. q-ary linear codes with 
length n, dimension k and minimum distance d) are said to be equivalent if there exists 
a k x n generator matrix G2 of the code C2 such that G2 = G1PD (or G2 = G1DP) for 
some permutation matrix P and some non-singular diagonal matrix D entries of which 
are elements of GF(q), where G1 is a k x n generator matrix of C1 . 
A consequence of Theorem 5.2 in Hamada [4] is that in the case k ~ 3 and 
d = 4k - l _ 40' - 4P- 4Y, there is a one-to-one correspondence between the set of all 
non-equivalent (n, k, d; 4)-codes meeting the Griesmer bound and the set of all 
{Va+l + VP+I + Vy+b Va + Vp + Vy; k -1, 4}-minihypers, if we introduce the equiv-
alence relation in Definition 1.1 between two (n, k, d; 4)-codes. 
This leads to the following corollary from Theorem 1.1. 
COROLLARY 1.1. Let k, a, fJ and y be any integers such that k ~ 3 and either (a) 
O~ a<fJ = y<k -lor (b) O~ a= fJ< y<k-l and y:# a+ 1. Let n =Vk - va+1-
vll+1 - Vy+1 and d = 4k- 1 - 40' - 4P- 4Y, where VI = (41 -1)/(4 -1) for any integer 
I~O: 
(1) in the case k ~ fJ + y + 1, there is no (n, k, d; 4)-code meeting the Griesmer bound; 
(2) in the case k ~ fJ + y + 2, C is an (n, k, d; 4)-code meeting the Griesmer bound iff C 
is congruent to some (n, k, d; 4)-code constructed by using a set of an a-flal, a fJ-flat and 
a y-flal in PG(t, 4) which are mutually disjoint. 
To prove our main result, Theorem 1.1, we organize the paper in the following way. 
In the next section we prove Theorem 1.1 for the case 0 ~ a < fJ = y < t. In Section 3 
we prove Theorem 1.1 for the case 0 ~ a = fJ < y < I and y:# a + 1. The proof of the 
special case I ~ 3, a = fJ = 0 and y = 2 which is needed in the third section is, however, 
first proved in Section 4. In the Appendix we give some of the results that we use in the 
proof of our main theorem. 
2. THE PROOF OF THEOREM 1.1 FOR TIlE CASE 0 ~ a < fJ = y < t 
Let :1'(a, fJ, y; 1,4) denote a family of all unions U=l Vi of an a-tlat Vb a fJ-flat V2 
and a y-flat V:J in PG(/, 4) which are mutually disjoint, where 0 ~ a ~ fJ ~ y < I. It 
follows from Proposition A.l that if FE :1'(a, fJ, fJ; 1,4) in the case I ~ 2fJ + 1, then F 
is a {va+1+2vp+1,va+2vp;t,4}-minihyper, where vl=(4/-1)/(4-1) for any inte-
ger I~O. 
Conversely, suppose there exists a {va+1 + 2VP+b Va + 2vp; t, 4}-minihyper F for 
some integers I, a and fJ such that 0 ~ a < fJ < t. 
Case I: a = 0 and fJ = 1. It follows from Proposition A.6 that: (1) in the case t = 2, 
there is no {VI + 2V2, Vo + 2V1; 2, 4}-minihyper; and (2) in the case I ~ 3, FE 
~(O, 1, 1; t, 4). Hence Theorem 1.1 holds in Case I. 
Case II: a = 0 and 2 ~ fJ < t. It follows from Proposition A.2 (E = 1, h = 2, 
11-1 = 11-2 = fJ) and Remark A.3 that IF n GI = 2VP_1 for some (I - 2)-flat G in PG(/, 4) 
and F n ~ is a {2vp, 2Vp_I; t, 4}-minihyper in ~ for j = 1,2,3,4 and F n H5 is a 
{VI + 2vp, Vo + 2VP_I; I, 4}-minihyper in H5 , where ~(j = 1, 2, ... , 5) are five hyper-
planes in PG(I, 4) which contain G (cf. (2) in Proposition A.9). 
Since ~ is a (I -I)-flat in PG(I,4) for j = 1, 2, ... ,5, it follows from (4) in 
Proposition A.9 (8 = t -1) that there exist a {2vll' 2VP_I; t -1, 4}-minihyper and a 
{VI + 2vp, Vo + 2VP_I; t -1, 4}-minihyper. 
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(A) In the case 1 - 1 ~ 2(/3 - 1) (i.e. t ~ 2/3 - 1), it follows from Proposition A.5 
that there is no {2vp, 2VP_l; t -1, 4}-minihyper, which is contradictory to the above 
result. Hence in the case t ~ 2/3- 1, there is no {VI + 2VP+h Vo + 2vp; t, 4}-minihyper. 
(B) In the case 1 - 1 ~ 2(/3 - 1) + 1 (i.e. t ~ 2/3), it follows from Propositions A.5, 
A.6, Case I and induction on /3 that F n ~ E ~(/3 -1, /3 - 1; t, 4) for j = 1, 2, 3, 4 and 
F n Hs E ~(O, /3 -1, /3 -1; t, 4). Hence it follows from Proposition A.3 (e = 1, h = 
2, 1-'1 = 1-'2 = /3) that F E ~(O, /3, /3; t, 4). Since ~(O, /3, /3; t, 4) *" 0 iff 1 ~ 2/3 + 1 (cf. 
Remark A.2), this implies that: (1) in the case 1 = 2/3, there is no {VI + 2Vp+1> 
Vo + 2vp; t, 4 }-minihyper; and (2) in the case 1 ~ 2/3 + 1, F E ~(O, /3, /3; t, 4). 
It follows from (A) and (B) that Theorem 1.1 holds in Case II. 
Case III: 1 ~ a < /3 < t. It follows from Proposition A.2 (e = 0, h = 3, 1-'1 = a, 1-'2 = 
/J3 = /3) that IF n GI = Va-l + 2VP_l for some (I - 2)-flat G in PG(I, 4) and F n ~ is a 
{va + 2vp, Va-l + 2VP_l; t, 4}-minihyper in ~ for j = 1,2, ... ,5. Hence it follows 
from induction on a and /3, Proposition A.3 and Remark A.2 that: (1) in the case 
t~2/3, there is no {va+l+2vp+l>va+2vp;t,4}-minihyper; and (2) in the case 
1~2/3 + 1, FE .9F(a, /3, /3; t, 4). This completes the proof of Theorem 1.1 for the case 
o ~ a < /3 = y < t. 
3. THE PROOF OF THEOREM 1.1 FOR THE CASE O~ a = /3 < y < 1 AND Y #: a + 1 
In order to prove Theorem 1.1 for the case 0 ~ a = /3 < y < t and y #: a + 1, we 
prepare the following theorem, the proof of which will be given in Section 4. 
THEOREM 3.1. In the case t ~ 3, FE .9F(0, 0, 2; 1,4) for any {2Vl + V3, 2vo + V2; t, 4}-
minihyper F. 
Continuing the proof of Theorem 1.1, it follows from Proposition A.l that if 
FE .9F(a, a, y; t, 4) in the case t ~ a + y + 1, then F is a {2Va+l + Vy+h 2va + vy; t, 4}-
minihyper. 
Conversely, suppose there exists a {2Va+l + Vy+l, 2va + vy; t, 4}-minihyper F for 
some integers t, a and y such that either (a) a=O and 2~y<t or (b) l~a<y<t 
and y#:a+ 1. 
Case I: a = 0 and y = 2. It follows from Theorem 3.1 that FE .9F(0, 0, 2; t, 4). 
Hence Theorem 1.1 holds in Case I. 
Case II: a = 0 and 3 ~ y < t. It follows from Proposition A.2 (e = 2, h = 1, /Jl = y) 
that IF n GI = Vy-l for some (I - 2)-flat G in PG(t,4) and F n ~ is a {6jvl + 
vY ' 6jvo + Vy-l; t, 4}-minihyper for any hyperplane H; (1 ~ j ~ 5) which contains G, 
where 6/s are some non-negative integers such that ~J=l 6j = 2. 
Since 6j = 0, 1 or 2 for each j, it follows from Proposition A.4 and induction on y 
that F n ~ E .9Fu( 6j, y -1; t, 4) for j = 1, 2, ... ,5. Hence it follows from Proposition 
A.3 that F E ~(O, 0, y; t, 4). 
Case III: a = 1 and 3 ~ y < t. It follows from Proposition A.8 that: (1) in the case 
t = Y + 1, there is no {2V2 + Vy+h 2Vl + vy; I, 4}-minihyper; and (2) in the case 
t ~ Y + 2, FE .9F(1, 1, y; t, 4). 
Case IV: 2 ~ a < y < t and y #: a + 1. It follows from Proposition A.2 (e = 0, 
h = 3, 1-'1 = 1-'2 = a, 1-'3 = y) that IF n GI = 2Va-l + Vy-l for some (t - 2)-flat G in 
PG(t, q) and F n ~ is a {2vu + vY ' 2Va -l + Vy-l; t, 4}-minihyper for any hyperplane ~ 
(1 ~ j ~ 5) in PG(t, 4) which contains G. Hence it follows from induction on a and y, 
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Proposition A.3 and Remark A.2 that: (1) in the case t ~ (l' + y, there is no 
{2Va+l + vy+l> 2va + v y ; t, 4)-minihyper; and (2) in the case t ~ (l' + y + 1, FE 
~«(l', (l', y; t, 4). This completes the proof of Theorem 1.1 for the case 0 ~ (l' = fJ < y < 
t and y:# (l' + 1. 
4. THE PROOF OF THEOREM 3.1 
Let ~«(l'; t, 4) denote a family of all (l'-flats in PG(t, 4) and let :¥(fJ, y; t, 4) denote a 
family of all unions VI U V2 of a fJ-tlat Yt, and a y-flat V2 in PG(t, 4) which are mutually 
disjoint, where 0 ~ (l' < t and 0 ~ fJ ~ y < t. In this section, let Vo = 0, VI = 1, V2 = 5 and 
V3 = 21. In order to prove Theorem 3.1, we prepare the following lemma. 
LEMMA 4.1. For any integer t ~ 3, there is no {2Vl + V3, 2vo + V2; t, 4}-minihyper F 
such that (a) IF n GI = 1 for some (t - 2)-flat G in PG(t, 4) and (b) F n ~ E :¥(1; t, 4) 
for j = 1, 2, 3, 4 and (c) F n Hs E @;(O, 0, 1; t, 4), where @;(O, 0, 1; t, 4) denotes a family 
defined in Definition A.1 and ~'s denote hyperplanes in PG(t, 4) which contain G. 
PROOF. Suppose there exists a {2Vl + V3, 2vo + V2; t, 4}-minihyper F which satisfies 
the three conditions (a), (b) and (c) in Lemma 4.1 for some integer t~3. Then 
F n G = {P} for some point Pin G and F n ~ = Lj for some 1-flat L j in ~ such that 
G n Lj = {P} for j = 1, 2, 3, 4 and F n Hs = K for some set Kin @;(O, 0, 1; t, 4) such 
that G n K = {Pl. It follows from Remark A.5 that 
K = {(wo), (WI), (wo + WI), (W2), (CWo + W2), (CWI + W2), (CWo + CWI + W2)} 
where C E {1, (l', ~}. Let V be the 2-flat in Hs which contains three points (wo), (WI) 
and (W2)' Then K c: V and G n V is a 1-flat (denoted by N) passing through P. 
Let Wt €I) W2 denote the minimum flat in PG(t, 4) which contains two flats WI and W2 
in PG(t, 4). Let E = (Ll €I) L2) n Hs. Since Ll €I) L2 is a 2-flat in PG(t, 4), E is a 1-flat 
in Hs such that G n E = {Pl. 
Let I be any (t - 3)-flat in G such that InN = {Pl. Let llj (i = 1, 2,3,4) be four 
hyperplanes in PG(t,4), except for Hs, which contain the (t - 2)-tlat I €I) E in Hs . 
Then Ll c: lla, L2 c: lla, L3 c: llfJ and L4 c: I4 for some integers (l', fJ and y in 
{1, 2, 3, 4}. Without loss of generality, we can assume that (l' = 1, fJ E {1, 2} and 
y E {1, 2, 3}. 
Since F = Ll U L2 U L3 U L4 U K and ll4 n L j = {P} for i = 1,2,3,4, it follows from 
PEll4nK that IFnll41 = IKnll41 =Kn Vnll41 = IKnMI, where M= Vnll4. 
Since G n V = N, G n ll4 = I and N ¢ I, it follows that M is a 1-flat in V passing 
through P. Hence it follows from Remark A.5 that there exists a hyperplane ll4 in 
PG(t, 4) such that IF n ll41 = IK n MI ~ 3 < 2vo + V2, which is a contradiction. This 
completes the proof. 0 
Continuing the proof of Theorem 3.1, let F be any {2Vl + V3, 2vo + V2; t, 4}-
minihyper, where t ~ 3. Then it follows from Proposition A.2 (e = 2, h = 1, "'1 = 2) that 
IF n GI = 1 for some (t - 2)-flat G in PG(t,4) and F n ~ is a {OjVl + V2, OjVO + 
VI; t, 4}-minihyper for j = 1, 2, 3, 4, 5 where o/s are non-negative integers such that 
~j=1 OJ = 2. Without loss of generality, we can assume that either (a) 01 = O2 = 03 = 0 
and 04 = Os = 1 or (b) 01 = O2 = 03 = 04 = 0 and Os = 2. 
Case I: 01 = O2 = 03 = 0 and 04 = Os = 1. It follows from Proposition A.4 (e = 0 or 
1, h = 1, "'1 = 1) that F n ~ E :¥(1; t, 4) (j = 1, 2, 3), F n H4 E :¥(O, 1; t, 4) and F n 
Hs E :¥(O, 1; t, 4). Hence it follows from Proposition A.3 (e = 2, h = 1, "'1 = 2) that 
F E ~(O, 0, 2; t, 4). Note that ~u(2, 2; t, 4) = :¥(O, 0, 2; t, 4). 
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Case II: (j1 = (j2 = (j3 = (j4 = ° and (js = 2. It follows from Propositions A.4 and 
A7 that F n ~ E @,(1; t, 4)(j = 1, 2, 3, 4) and either F n Hs E @'(O, 0, 1; t, 4) or F n 
Hs E @i(0, 0, 1; t, 4). It follows from Lemma 4.1 that F n Hs E @'(O, 0, 1; t, 4). Hence it 
follows from Proposition A.3 that FE @'(O, 0, 2; t, 4). This completes the proof. 
APPENDIX: PRELIMINARY RESULTS FOR THE PROOF OF THEOREM 1.1 
Let U(t, q) denote the set of all ordered sets (e, I'h 1'2, ... , I'h) of integers e, hand 
1'; (i = 1,2, ... , h) such that ° ~ e ~ q - 1, 1 ~ h ~ (t - 1)(q - 1), 1 ~ 1'1 ~ 1'2 ~ ... ~ 
I'h ~ t - 1 and ° ~ nl(l') ~ q - 1 for 1 = 1, 2, ... , t - 1 where nl(l') denotes the number 
of integers 1'; in I' = (1'1> 1'2, ... , I'h) such that 1'; = 1 for the given integer I. 
Let @iu(e, I'h /.t2' ... , I'h; t, q) denote a family of all unions of e points, a I'rfiat, a 
1'2-fiat, ... , a I'h-fiat in PG(t, q) which are mutually disjoint, where 
(e, I'h 1'2, ... , I'h) E U(t, q). As occasion demands, we shall denote 
@iU (e,l'hI'2, ... ,l'h;t,q) by @i(A1>A2, ... ,A'l;t,q), where 'f/=h+e, A;=O (i= 
1,2, ... , e) and Ae + j = I'j (j = 1, 2, ... ,h). For example, @'(a, p, y; t, q) denotes a 
family of all unions Uf=l V; of an a-fiat V1> a p-fiat V2 and a y-fiat V3 in PG(t, 4) which 
are mutually disjoint, where ° ~ a ~ p ~ y < t. 
Hamada [4] showed that in the case k;;o 3 and d = qk-1 - (e + E?=l q/Ji), there is a 
one-to-one correspondence between the set of all non-equivalent (n, k, d; q)-codes 
meeting the Griesmer bound and the set of all {ev1 + E?=l V/Ji+ 1, evo + E?=l v/J/; k-
1, q }-minihypers if the equivalence relation in Definition 1.1 among (n, k, d; q )-codes 
is introduced, where (e, 1'1> 1'2, ... , I'h) E U(t, q) and VI = (ql -1)/(q -1) for any 
integer 1;;0 0. Hence, in order to obtain a necessary and sufficient condition for integers 
n, k, d and q that there exists an (n, k, d; q)-code meeting the Griesmer bound and to 
characterize all (n, k, d; q)-codes meeting the Griesmer bound for the case k;;o 3 and 
d = qk-1 - (e + E?=l ql"i), it is sufficient to solve the following problem. 
PROBLEM A (1) Find a necessary and sufficient condition for an ordered set 
(e, 1'1> 1'2, ... , I'h) in U(t, q) such that there exists a {ev1 + E?=l V/Ji+ l1 evo+ 
E?=l V/Ji; t, q}-minihyper. 
(2) Characterize all {ev1 + E?=l V/Ji+ l1 evo + E?=l V/Ji; t, q }-minihypers in the case 
where there exist such minihypers. 
REMARK AI. Problem A was solved completely by Helleseth [14] in the case q = 2 
and by Hamada [3] in the case q ;;0 3, e = ° or 1, 1 ~ h < t and 1 ~ 1'1 < 1'2 < ... < I'h < 
t. 
REMARK A2. If is known (cf. Theorems 2.2 and 2.3 of Hamada and Tamari [13]) 
that @iu(e, 1'1> 1'2, ... , I'h; t, q) =1= 0 iff either (a) h = 1 or (b) h;;o 2 and t ;;ol'h-1 + 
I'h + 1, where (e, I'h 1'2, ... , I'h) E U(t, q). 
In order to prove Theorem 1.1, we prepare the following propositions. 
PROPOSITION A.l (Hamada [4]). (1) If F E @iu(e, 1'; t, q) in the case t;;ol' + 1, then 
F is a {ev1 + v/J+1, EVo + v/J; t, q }-minihyper. 
(2) If FE @'u(e, I'h 1'2, ... , I'h; t, q) in the Case h;;o 2 and t ;;ol'h-1 + I'h + 1, then F is a 
{EV1 + E?=l V/Ji+l1 EVo + E?=l V/Ji; t, q }-minihyper. 
PROPOSITION A.2 (Hamada [4]). If there exists a {ev1 + E?=l V/Ji+ l1 evo+ 
E?=l V/Ji; t, q }-minihyper F for some ordered set (e, I'h 1'2, ... , I'h) in U(t, q), then 
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IF n ..11 ~ ~r=1 VJ.L;-I for any (t - 2)-flat ..1 in PG(t, q) and IF n GI = ~~=I V",,_I for some 
(t - 2)-flat Gin PG(t, q). Let ~ (j = 1, 2, ... , q + 1) be q + 1 hyperplanes in PG(t, q) 
which contain G. Then F n ~ is a {{)jVI + ~~=I V"'i' {)jVO + ~?=1 v"i- I ; t, q }-minihyper in 
~ for j = 1,2, ... , q + 1 where {)/s are some non-negative integers such that 
~9+1 5: - " u}=1 Uj - ... 
REMARK A.3. In Proposition A.2, we can assume without loss of generality that 
0.,;; 61 ,,;; {)2";; ••• .,;; {)q+1 .,;; E. 
PROPOSITION A.3 (Hamada [4]). Let (E, 1-'1> 1-'2, ... ,I-'h) be any ordered set in 
U(t, q) such that either (a) h = 1 and 1-'1 ~ 2, (f3) h ~ 2, 1-'1 = 1, I-'2;:a.; 2 and t ~ I-'h-I + I-'h 
or (y) h ~ 2, 1-'1 ~ 2 and t ~ I-'h-I + I-'h' Let {)j (j = 1, 2, ... , q + 1) be any non-negative 
integers such that ~J:l6j = E. If there exists a {EV I + ~~=I V"i+l> EVo + ~?=t v""' t, q}-
minihyper F such that (a) IF n GI = ~?=I V"'i-I for some (t - 2)-flat G in PG(t, q) and 
(b) F n ~ E ~U({)j' 1-'1 - 1, 1-'2 -1, ... , I-'h - 1; t, q) for any hyperplane ~ (l.,;;j.,;; q + 
1) which contains G, then F E ~u(E, 1-'1, 1-'2, ... , I-'h; t, q). 
PROPOSITION AA (Hamada [3]). Let t, q, E, hand 1-'; (i = 1, 2, ... ,h) be any 
integers such that t ~ 2, q ~ 3, E = 0 or 1, 1.,;; h < t and 1.,;; 1-'1 < 1-'2 < ... I-'h < t: 
(1) in the case h = 1, F is a {EV I + v,.+1> EVo + v,.; t, q }-minihyper iff F E ~u(E, 1-'; t, q); 
(2) in the case h ~ 2 and t ~ I-'h-t + I-'h + 1, F is a {EV I + ~?=t V"'i+l> EVo + 
~?=t V"i; t, q }-minihyper iff F E ~u(E, 1-'1> 1-'2, ... , I-'h; t, q); 
(3) in the case h ~ 2 and t.,;; I-'h-t + I-'h' there is no {EVt + ~?=1 V"i+ t' EVo + 
~?=I V"i; t, q }-minihyper. 
REMARK AA. At first, (1) in Proposition A.4 was proved by Tamari [17,18] using 
a different method. 
PROPOSITION A.5 (Hamada [6]). Let t ~ 2, q ~ 3 and 1.,;; I-' < t: 
(1) in the case t.,;;21-', there is no {2v,.+1' 2v,.;t, q}-minihyper; 
(2) in the case t ~ 21-' + 1, F is a {2v,.. +t, 2v,..; t, q }-minihyper iff F E ~(I-', 1-'; t, q). 
PROPOSITION A.6 (Hamada [6]). Let t ~ 2 and q ~ 4: 
(1) in the case t = 2, there is no {VI + 2V2, Vo + 2vI; 2, q }-minihyper; 
(2) in the case t ~ 3, F is a {VI + 2V2, Vo + 2vl; t, q }-minihyper iff F E ~(O, 1, 1; t, q). 
DEFINITION A.l. Let §;(O, 0, 1; t, 4) denote a family of all sets Kin PG(t, 4) such 
that 
K = {( Vo + VI), (avo + Vt), (~Vo + Vt), (V2), (bvo + VI + V2), 
x (b~vo + aVt + V2), (b£l'Vo + ~VI + V2)} 
for some element b in {1, a, a2 } and some non-collinear points (vo), (VI) and (V2) in 
PG(t,4), where a is a primitive element in GF(22) such that ~ = a + 1 and (~= 1) 
and (WI) = (W2) iff WI = OW2 for some non-zero element (J in GF(22). 
REMARK A.5. Let Wo = ~(vo + VI), Wt = avo + VI> W2 = V2 and c = ab2 in Defini-
tion A.l. Then (wo), (wt) and (W2) are non-collinear points in PG(t, 4) and K in 
Definition A.1 can be expressed as 
K = {(wo), (WI), (wo + Wt), (W2), (cwo + W2), (CWI + w2), (cwo + CWI + W2)} 
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where c = 1, a or £1'2. Let V be the 2-flat in PG(t,4) which contains three points 
(wo), (WI) and (W2)' Then K c V. Let P be any point in K and let Mi (i = 1, 2, 3, 4, 5) 
be five I-flats in V passing through P. Then it is easy to see that IK n Mil = 1 or 3 for 
i = 1,2,.3,4,5. 
PROPOSITION A.7 (Hamada [5]). In the case t:;;. 2 and q = 4, F is a {2VI + V2, 2vo + 
VI; t, 4}-minihyper iff either F E .'1'(0, 0, 1; t, 4) or F E $(0, 0, 1; t, 4). 
DEFINITION A.2. Let V be a 8-flat in PG(t, 4), where 2:s;; 8:s;; t. A set S of m points 
in V is called an m-arc in V if no 8 + 1 points in S are linearly dependent, where 
m:;;' 8 + 1. Let $(1, 1, 1; t, 4) denote a family of all sets K in PG(t, 4) such that 
K = V\S for some 2-flat V in PG(t, 4) and some 6-arc S in V, where t:;;. 2. 
PROPOSITION A.8 (Hamada and Helleseth [11]). (1) In the case t = 2, F is a 
{3V2' 3VI; 2, 4}-minihyper iff FE $(1, 1, 1; 2,4). 
(2) In the case t:;;. 3, F is a {3V2' 3VI; t, 4}-minihyper if either FE .'1'(1, 1, 1; t, 4) or 
FE $(1, 1, 1; t, 4). 
(3) In the case t = Y + 1:;;. 4, there is no {2V2 + Vy+l, 2Vl + v y; t, 4}-minihyper. 
(4) In the case t:;;. y + 2:;;. 5, F is a {2V2 + vy+l , 2Vl + vy; t, 4}-minihyper iff FE 
.'1'(1, 1, y; t, 4). 
The following well known result will be used in this paper. 
PROPOSITION A.9 (1) If V is a ",-fiat in PG(t, q), then IVI = VI'+1 and IV n HI = vl'+l 
or vI' for any hyperplane H in PG(t, q) according as V c H or not, where 1:s;; '" < t. 
(2) For any (t - 2)-fiat G in PG(t, q), there are q + 1 hyperplanes in PG(t, q) which 
contain G. 
(3) For any 8-fiat Q in PG(t, q), there exists a linear mapping a of Q onto PG(8, q) 
such that V is a ",-fiat in Q iff a(V) is a ",-fiat in PG( 8, q) where 1 :s;; '" < 8 < t. 
(4) There exists an {f, m; t, q }-minihyper F such that F c Q for some 8-fiat Q in 
PG(t, q) iff there exists an {f, m; 8, q }-minihyper, where 2:s;; 8 < t and O:s;; m <f < 
VtHI' 
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